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Abstract 

Let ^ be a set of nonnegative integers. For every nonnegative integer 
n and positive integer h, let rA{n,h) denote the number of representa- 
tions of n in the form n = ai + a2 + ■ ■ ■ + ah, where ai, 02, . . . , G A 
and Hi < a2 < ■ ■ ■ < a/i- The infinite set A is called a basis of order h 
if rA{n,h) > 1 for every nonnegative integer n. Erdos and Turan conjec- 
tured that limsup„^^ rA(n, 2) = 00 for every basis A of order 2. This 
paper introduces a new class of additive bases and a general additive prob- 
lem, a special case of which is the Erdos-Turan conjecture. Konig's lemma 
on the existence of infinite paths in certain graphs is used to prove that 
this general problem is equivalent to a related problem about finite sets 
of nonnegative integers. 

1 Representation functions and the Erdos-Turan 
conjecture 

Let Nq and Z denote the nonnegative integers and integers, respectively. Let A 
be a finite set of integers. We denote the largest element of A by max(^) and 
the cardinality of A by card(j4). For any real numbers a and 6, we denote by 
[a, b] the finite set of integers n such that a < n < b. 

For any set A of integers, we denote by rA{n,h) the number of represen- 
tations of n in the form n = ai + 02 + • • • + a^, where oi, 02, . . . , £ A and 
a-i 0,2 < • ■ ■ < CLh- The function is called the unordered representation 
function of the set A, or, simply, the representation function of A. 
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The set A of nonnegative integers is called a basis of order h if every nonneg- 
ative integer can be represented as the sum of h not necessarily distinct elements 
of A. If A is a basis of order h with representation function r^, then 

1 < r^(n, h) < oo 

for all nonnegative integers n. We call A an asymptotic basis of order h if 
rA{n,h) — for only finitely many n G Nq. li h > 2 and / : Nq Nq is 
any function such that card(/~^(0)) < oo, then the representation function 
problem is to determine if there exists a set A of nonnegative integers such that 
rA{ri, h) ~ f{n) for all n > 0. 

In the case of additive bases for the set of all integers, Nathanson |S] proved 
that every function is a representation function, that is, if / : Z — > Nq U {oo} 
satisfies the condition card(/^^(0)) < oo, then for every h > 2 there exists a set 
A of integers such that rA{n, h) = f{n) for every integer n. 

A special case of the representation function problem for nonnegative inte- 
gers with h = 2 is the conjecture of Erdos and Turan 2 that the representation 
function rA{n, 2) of an asymptotic basis A of order 2 must be unbounded, that 
is, 

liminf ryi(n, 2) > limsupr^(n, 2) = oo. 

This is an important unsolved problem in additive number theory. 

Dowd ,1^ and Grekos, Haddad, Helou, and Pikho [3| have given various 
equivalent formulations of the Erdos- Turan conjecture. In particular, Dowd 
proved that there exists a set A of nonnegative integers and a number c such 
that r^(n, 2) € [l,c] for all nonnegative integers n if and only if for every N 
there exists a finite set Aj^ of nonnegative integers with max(Ajv) > N and 
rA{n, 2) e [1, c] for all n = 0, 1, . . . , ma.x{A]\[). In this paper we apply Dowd's 
method to obtain similar results for a new class of generalized additive bases. 



2 Generalized additive bases 

We extend the idea of an additive basis of order h as follows: Let H = {i?n}5^o 
be a sequence of nonempty finite sets of positive integers. For any set A of 
nonnegative integers, we define the representation function 

rA{n,Hn)^ ^ rA{n,hn). 

The set A of nonnegative integers will be called a basis of order Ti if 

rA{n.H^)>l (1) 

for all n > 0, and an asymptotic basis of order H. if the representation function 
satisfies (QJ for all sufficiently large n. 

Let TZ = {Rn}'^=(3 be a sequence of nonempty finite sets of positive integers. 

If 

rA{n,Hn)eRr, (2) 
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for every nonnegative integer n, then A will be called an TZ-basis of order H. 
Since each i?„ is a nonempty set of positive integers, it follows that every TZ- 
basis of order H is a basis of order TC. We shall call the set A an asymptotic 
TZ-basis of order H if (O holds for all sufhciently large n. 

For any sequences H = {-ffnjj^o ^ = {^n}^=o of nonempty finite 
sets of positive integers, we can ask if there exists an 7?.-basis of order Ti. or an 
asymptotic 7?,-basis of order Ti.. This is the generalized representation function 
problem. The original Erdos-Turan conjecture corresponds to the special case 
Hn = {2} and i?„ = [1, c] for all n > 0. It is an open problem to determine the 
number of distinct 7?,-bases of order H and asymptotic 7?.-bases of order Ti. for 
a given pair of sequences Ti and 7Z. 

Let h > 2 and let / be a function such that f{n) is a positive integer for 
every nonnegative integer n. We introduce the sets if„ = {h} and i?„ = {/(n)} 
for all n, and the sequences H ~ {Hn}'^=o and TZ = {Rn}'^=o- Then an TZ- 
basis of order Ti is a basis A of order h whose representation function satisfies 
rA{n,h) = f(n) for all n € Nq, and so the representation function problem 
for bases of order /i is a special case of the generalized representation function 
problem. 

An 7?.-basis of order H is not necessarily infinite. For example, if Hq = Rq = 
{1} and if i7„ = {n} and 1 G i?„ for all n > 1, then the set {0, 1} is an 7?.-basis 
of order H. 

Theorem 1 LetTi = {i?n}5^Lo sequence of nonempty finite sets of positive 
integers. There exists a finite set A that is a basis of order Ti. or an asymptotic 
basis of order Ti, if and only if 

liminf"^^"(^")>0. 

n — 'oo n 

Proof. Let /i* = max(iif„). Let A be a finite set of nonnegative integers that 
is a basis of order Ti. Then 0,1 G A and so max(A) > 1. Every positive integer 
n can be represented as the sum of hn elements of A for some hn € Hn , and so 

n < hn max(^) < /i* max(yl). 

It follows that 

h* 1 
liminf ^ > — >0. 

n^oo n max(yl) 

Conversely, if liminf„^oo hn/n > 0, then there exists a positive integer m 
such that 

hn > - 

m 

for all n > 0. Consider the finite set A — [0,m]. By the division algorithm, 
every positive integer n can be written in the form n = qm + r, where q and r 
are nonnegative integers and 0<r<TO— 1. Ifr = 0, then q = n/m < ft.* and 

n ^ q ■ m+ (/i* — q) ■ e h'nA. 
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If 1 < r < TO — 1, then q = [n — r)/m < /i*. Since /i* and q are integers, it 
follows that h'^>q+l and 

n = g- TO+lT+(/i;-(j-l)-OG h*^A. 

In both cases, rAin, Hn) > rA{n, /i* ) > 1, and the finite set A is a basis of order 
H. 

If A is an asymptotic basis of order 7i, then r^(ri, = for only finitely 
many n € Nq, and so there is a finite set F of nonnegative integers such that 
A U F is a basis of order li. Therefore, there exists a finite set that is a basis 
of order Ji if and only if there exists a finite set that is an asymptotic basis of 
order Ti. This completes the proof. □ 

Let Ti. — {iJ„}^Q and Ti, = {i?„}^o be sequences of nonempty finite sets of 
positive integers. A nonempty finite set A of nonnegative integers will be called 
a finite basis of order H if 

rA{n,Hn) > 1 

for all n G [0, max(A)], and a finite TZ-hasis of order Ti if 

rA{n,Hn) e Rn 

for all n E [0,max(A)]. 

Theorem 2 Let Ti = {if„}5^o and TZ = {i?„}5^Q be sequences of nonempty 
finite sets of positive integers. 

(i) If A is a basis of order H, or if A is a finite basis of order H with max(A) > 
1, then 0,1 e A. 

(ii) If A is an TZ-basis of order Ti. or if A is a finite TZ-basis of order TH. with 
max(^) > 1, then card(i7o) G Ro and card(iJi) G Ri. 

(Hi) If A is an TZ-basis of order H, then An = Ar\[0, N] is a finite TZ-basis of 
order Ti for every N >0. 

(iv) If A^ {0} is a finite TZ-basis of order Ti, then F' = F\ {max(F)} is also 
a finite TZ-basis of order Ti. 

Proof. To prove (i) and (ii), wc observe that if rA{0,Ho) > 1, then E A. 
If rA{l,Hi) > 1, then 1 £ A. Since, for every h>l, both and 1 have unique 
representations as sums of exactly h nonnegative integers, it follows that if 
rAiO,Ho) G i?o, then 

rA(0,//o)= Yl rA{0,ho)= ^ 1 = card(/fo) G i?o- 

Similarly, if r^(l,iJi) G then 

r^(l,i?i) = card(i?i) G 

The statements (iii) and (iv) follow immediately from the definition of a 
finite basis. □ 
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3 Konig's lemma 



The principal tool in this paper is Konig's lemma on the existence of infinite 
paths in trees. For completeness, we include a short proof below. 

A graph G consists of a nonempty set {u}, whose elements are called vertices^ 
and a set {e}, whose elements arc called edges. Each edge is a set e = {wju'}, 
where v and v' are vertices and v ^ v' . Thus, we are considering only graphs 
without loops or multiple edges. 

We use the following terminology. The vertices v and v' are called adjacent if 
{v. v'} is an edge. The degree of a vertex v is the number of edges e with v G e. 
A path in G from vertex v to vertex v' is a sequence of vertices vq,vi,V2, ■ ■ ■ ,Vn 
such that Wo = w, w„ = v' , and Vi-i is adjacent to Vi for alH = 1, . . . ,n. We 
define the length of this path by n. The graph G is connected if for every two 
vertices v and v' with v ^ v' there is a path from v to v' . A graph is connected 
if and only if, for some vertex vq, there is a path from vq to v for every vertex 

V 7^ Vq. 

A simple path in G is a path whose vertices are pairwise distinct. A simple 
circuit is a sequence of vertices vq, f i, W2, • . • , w„ such that n > 3, {wi-i, Vi} is an 
edge for i = 1, . . . ,n, Vi Vj < i < j < n—1, and vq = Vn- A graph G has 
no simple circuits if and only, for every pair of distinct vertices v and v', there 
is at most one simple path from v to v'. An infinite simple path is an infinite 
sequence of pairwise distinct vertices vo,vi,V2, . . ■ such that Vi-i is adjacent to 
Vi for all i>l. 

A tree is a connected graph with no simple circuits. A rooted tree is a tree 
with a distinguished vertex, called the root of the tree. In a rooted tree, for 
every vertex v different from the root, there is a unique simple path in the tree 
from the root to v. 

Theorem 3 (Konig's lemma) If T is a rooted tree with infinitely many ver- 
tices such that every vertex has finite degree, then T contains an infinite simple 
path beginning at the root. 

Proof. Let vq be the root of the tree. We use induction to prove that 
for every n there is a simple path vo,vi, . . . ,Vn such that the tree T contains 
infinitely many vertices v for which the unique simple path from the root vq to 

V begins with the vertices vq, vi, . . . Since T has infinitely many vertices, 
the root vq satisfies this condition. 

Let n > 1, and assume that we have constructed a simple path vq,vi,. . . , Vn-i 
of vertices of the tree T with the property that T contains an infinite set 
of vertices such that, for every v G /n-i, the unique simple path from vq to 

V passes through vertex Vn-i. Since the degree of Vn-i is finite, the set Fn of 
vertices v ^ Wn-2 that are adjacent to is a finite set. For every vertex 

V G In-i, there is a unique simple path in T that begins at vq, passes through 
Vn-i and exactly one of the vertices in Fn, and ends at v. By the pigeonhole 
principle, since In~i is infinite, there is a vertex u„ G Fn and an infinite set 
In In-i of vertices such that, for every v € In, the unique path from vq to v 
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passes through u„. This completes the induction. The vertices vq,vi,V2, ■ ■ ■ are 
pairwise distinct, and vq, vi, V2, ... is an infinite simple path in T. □ 



4 The generalized representation function prob- 
lem 

In this section we prove that there exists an infinite 7?.-basis of order Ti. if and 
only if there exist arbitrarily large finite 7?.-bases of order H. 

Theorem 4 Let TZ = {i?n}i5°=o '^^'^ ^ ~ {-ffn}i5°=o sequences of nonempty 
finite sets of positive integers such that 

hm ^^^^^ = 0. (3) 

n — >oc 77, 

There exists an TZ-basis A of order 7i if and only if for every N there exists a 
finite TZ-basis of order Ti with max(yljv) > N. 

Proof. If A is a 7?.-basis of order Ti, then, by Q and Theorem ^ the set 
A is infinite, hence for every N there is an integer a{N) G A with a{N) > N. 
By Theorem 121 the set Ajy = Ar\[Q, a{N)] is a finite 7?.-basis of order H with 
max(AAr) > N. 

Conversely, suppose that for every N there exists a finite 7^-basis An oi 
order Ti with max(AAr) > A^. If > 1, then 0,1 e An and the sets {0} and 
{0, 1} are finite 7^-bases of order H. 

We construct the graph T whose vertices are the finite 7^-bases of order 7i. 
This graph has infinitely many vertices, since there are finite 7?.-bases of order 
Ti. with arbitrarily large maximum elements. 

Vertices V and V' will be called adjacent in this graph ii V' C V and 
V\V' = {max(y)}. The sets {0} and {0, 1} are adjacent vertices of this graph, 
and {0, 1} is the only vertex adjacent to {0}. If F is a vertex and card(F) > 2, 
then it follows from Theorem [21 that V' = V \ {max(V^)} is a vertex. Moreover, 
V is the unique vertex adjacent to V in T such that card(V^') — card(t^) — 1. If 
V" is adjacent to V and V" ^ V, then V ^ V" \ {max(y")} and card(y") = 
card(F) + 1. 

We shall prove that T is a rooted tree with root Vq ~ {0}. Let V = 
{ao, ai, . . . , an} be a vertex, where = oo < ai < • • • < a„. For every k = 
0, 1, . . . , n, the set Vk = {ao, oi, . . . , Ok} is a finite 7^-basis of order Ti., hence is 
a vertex of T. Then Vq = {0}, Vn = V, and Vq, Vi, . . . , T4, is a simple path in T 
from the root Vq to V. It follows that the graph T is connected. 

Suppose that n > 3 and Vq, Vi, . . . , Vn-i, is a simple circuit in T, where 
= ^0- Let Vn+i = V\. Since each vertex is a finite set of integers, we can 
choose fc £ [1, n] such that is a vertex in the circuit of maximum cardinality. 
Vertices Vk-i and T4+i are adjacent to 14, hence card(Vfc) — card(Vfe_i) = 
±1 and card(Vfc) — card(Vfe+i) = ±1 . The maximality of card(Vfe) implies 
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that card(Vfc) — card(Vfe_i) = card(I4) — card(Vfe+i) = 1, and so Vk-i — Vk\ 
{inax(Vfe)} = V/c+i, which is impossible. Therefore, T contains no simple circuit, 
and so T is a tree. 

To apply Konig's lemma, we must prove that every vertex of this tree has 
finite degree. The only vertex adjacent to the root {0} is {0, 1}, hence {0} has 
finite degree. Let V ^ {0} be a vertex of T. Then lei/ and so ma.x{V) > 1. 
Suppose that the V is adjacent to infinitely many vertices V . The only subset 
of V that is a vertex adjacent to F is F \ {max(y)}. Every other vertex V 
adjacent to F is a superset of V of the form V' — V U {max(y)}. For each 
such V , the integer n = max(V^') — 1 must be an element of the sumset hnV 
for some hn g Hn, and so 

n < /i„max(t/) < max(iJ„) max(l/). 

Since n S hnV for infinitely many integers n, it follows that 

hmsup > -— > 0, 

n^oo n max{V) 

which contradicts l|3Jl. Thus, every vertex of the infinite tree T has finite 
degree. By Konig's lemma, the tree must contain an infinite simple path 
{0} — Vb, Vi, V2, . . . . For each nonnegative integer n, let a„ — ma.x{Vn). Then 
Vn — {flo, ai, . . . , a„} for all n = 0, 1, 2, ... . Let 



A = {a„}jr=o = U 



n=0 

Since a„ > n, it follows that 

rA{n,Hn)^ ^ rA{n,hn)^ ^ ry„ (n, /i„) = rv„ (n, ff„) G i?„, 

and so A is a 7?.-basis of order H. This completes the proof. □ 



Theorem 5 Let h > 2 and let f be a function such that f{n) is a positive 
integer for every nonnegative integer n. There exists a basis A of order h with 
representation function rA{n,h) = f{n) if and only if for every N there exists a 
finite set An of nonnegative integers with max{Ajst) > N and rA{n,h) = f(n) 
for all n — 0,1, ... , max(y4.Ar). 

Proof. This follows immediately from Theorem^lwith iJ„ = {h} and i?„ = 
{/(n)} for all nonnegative integers n. □ 

Applying Theorem 0| to the classical Erdos-Turan conjecture, we obtain the 
following result of Dowd T, Theorem 2.1]. 

Theorem 6 Let c > 1 and h > 2. There exists a basis A of order h such that 

rA{n, h) < c for all n > 
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if and only if, for every N , there exists a finite set Aj^ of nonnegative integers 
such that max{Aj^) > N and 

1 < rAr,{n,h) < c 

for all n — 0,1, ... , max(AAr). 

Proof. This follows immediately from Theorem2]with iJ„ = {h} and i?„ = 
[l,c] for all n > 0. □ 



5 Ordered representation functions 

There are other important representation functions in additive number the- 
ory. For example, for any set A of integers, the ordered representation function 
r'j^{n, h) counts the number of /i-tuples (ai, . . . , Oh) G A'' such that ai+- ■ --l-a/i = 
n. Nathanson 4 proved the following uniqueness theorem for ordered represen- 
tation functions: For any function / : Nq Ng and for any positive integer h, 
there exists at most one set A of nonnegative integers such that r'^{n, h) = f{n) 
for all n £ Nq. He also showed that uniqueness does not hold if ordered repre- 
sentation functions only eventually coincide, and he described all pairs of sets A 
and B of nonnegative integers such that r^(n, 2) — r'g{n,2) for all sufficiently 
large integers n. 

We can define basis of order Ti. and TZ-basis of order Ti in terms of the or- 
dered representation function. Theorem^is also true for ordered representation 
functions. 
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